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Mixing Enhancement in High-Speed Turbulent Shear Layers
Using Excited Coherent Modes

K. Lee¤ and J. T. C. Liu†

Brown University, Providence, Rhode Island 02912-9104

For noise reduction purposes, it is often desirable to promote rapid mixing close to the jet exhaust. Excited
high-frequency coherent wave modes for mixing enhancement in the initial region of high-speed jet exhaust were
studied theoretically. The jet in this region is modeled as a two-dimensional mixing layer. Integral kinetic energy
equations for the mean � ow and the control modes are derived from the compressible Navier–Stokes equations,
with the � ow quantities split into mean, coherent wave modes and � ne-grained turbulence. Turbulence effects are
characterized by an eddy viscosity; the coherent modes are explicitly characterized by their nonlinear amplitudes
and the shape functions of the eigenmodes of a local linear stability theory according to the developing shear layer.
The initial region considered is two dimensional where the initial boundary layer is assumed to be thin relative
to the jet size. The upstream velocity and temperature wake, due to wall boundary layers, are accommodated
in the mean � ow shape assumptions. Two signi� cant nonequilibrium effects associated with the initial control
region are 1) the imbedded wake evolves into a similar mixing region downstream and 2) the interaction between
excited control modes and the mean � ow is strongly dependent on initial conditions. It is found that excitation of
high-frequency modes could give rise to enhanced spreading of the mixing layer in the initial wake mixing-layer
region; the effects of varying the relative initial two stream shear-layer thickness and temperature ratios are also
studied.

Nomenclature
A = coherent mode amplitude function
c = complex phase velocity
cp = heat capacity at constant pressure
F = shape function of u 0

H = mean total enthalpy
Ike = coherent mode kinetic energy advection integral
IM ; I8 = mean � ow kinetic energy-defect advection

and turbulent dissipation
I p = pressure work integral
Irs = Reynolds stress-energyconversion integral
IÁ = turbulent dissipation integral
I1; I2 = momentum integrals
M = Mach number
Mc = convection Mach number
P = wake function; Eq. (5)
R = shape function of ½ 0

RT = turbulent Reynolds number
r = proportionalityconstant in ucw

T = temperature
t = time
U = undisturbed stream velocity
u; v = streamwise, normal velocity components
x; y = streamwise, normal coordinates
® = streamwise wave number
®Á = shape function of v 0

¯ = undisturbed stream velocity, total enthalpy,
temperature ratios

° = ratio of speci� c heats
´ = transformed similarity variable
µ = momentum thickness
» = x ¡ x0

¼ = shape function of p0
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½ = density
! = frequency

Subscripts

cm = centerline value of mixing-layer pro� le contribution
cw = centerline value of wake pro� le contribution
i = imaginary part
m = mixing-layer pro� le contribution
r = real part; reference value
w = wake pro� le contribution
0 = upstream, initial values
1 = hot core region (y > 0)
2 = cooler, external stream (y < 0)

Superscripts

N = time-averaged mean
0 = control mode quantities;differentiationwith respect to ´
* = centerline value
˜ = incompressible

I. Introduction

O N the basisof experimentalevidence,it is now well knownthat
noise sources are located far downstream from the jet nozzle

exit and in the vicinityof the end of thepotentialcore region.1 – 4 The
observationof distinct large-scale coherent structures in the mixing
layer by Brown and Roshko5 – 7 stimulated the modeling of noise
sources as streamwise developing instabilitywaves in a high-speed
developing shear layer8 ;9 and two-dimensional supersonic jet,10 as
well as high- and low-speed round jets.11 ;12 As such, the ampli-
tude of each frequency component peaks farther downstream with
decreasingfrequencyuntil theendof thepotentialcore region,where
the well-mixed developed jet region causes more severe damping
of the coherent structure energy and the cutoff of energy supply
from the weakened mean � ow.10 Such model computations were
able to produce sound pressure levels in the near jet noise � eld for
supersonic two-dimensional jets10 and round jets11 that bear strong
resemblance to near-� eld measurements in pattern and in decibel
levels.In fact,modelednoise sources12 in a low-speedround jet gave
a far sound � eld computed from Lighthill’s integral that is amaz-
ingly close to observations13;14 in terms of frequency-dependent
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directivity. We refer to Mankbadi et al.15 and Bastin et al.16 for
discussions of computational issues in modeling developing large-
scalewave-likeeddiesas noisesources9;10 and their far aerodynamic
sound � eld.

For an undisturbed high-speed jet, the end of the potential core
is some 10 diameters downstreamat an exit Mach number of about
two, e.g., see Ref. 17. It is known from theoretical studies in low-
speed � ow, e.g., see Ref. 18, as well as experimentalstudies19 ;20 that
excited coherent modes at the correct frequency range and at suf� -
cient amplitudes could alter the mean � ow, which in turn modi� es
the development of all other unforced modes.

Our objectiveis to show thatmixingbetweena high-speed,hot jet
exhaust and slower speed, cooler air could be enhanced via excita-
tion of coherent instabilitiesinherentlypresent in the � ow within an
initial frequencyand amplituderange.This is accomplishedthrough
use of approximatemethods with rapid estimationpossibilitiesover
parameter space. For practical noise abatement reasons, the mixing
enhancementmust necessarily take place in the initial region of the
jet exhaustrather than in the far downstreamsimilarity region. In this
case, the initial region is well approximated as a two-dimensional
mixing layer supporting the developing wave-like eddies as noise
sources discussed by Liu.9 The use of control modes in this initial
region will bring on two distinct nonequilibrium effects. 1) One
is the adjustment of the mean � ow wake-like velocity and tem-
perature pro� les, set up by upstream wall boundary layers, toward
the similarity pro� les downstream. 2) The other is the nonequilib-
rium interactionbetween the control modes and the mean � ow. The
mean � ow adjustment is hastened through the use of control modes,
and this can be optimally accomplished through the use of wake
shear-layer modes, which are at frequencies considerably higher
than the dominant noise-producing jet modes. In this study, only
two-dimensional modes are used, which forms the basis for exten-
sion to three-dimensionalmodes. The two-dimensional modes are
essentially axisymmetric modes in the initial region of a round jet
exhaust, where the exit boundary-layer thickness is much smaller
than the jet nozzle radius.

The plan of the paper is as follows. The general formulation is
� rst discussed in Sec. II, the derivation of the nonlinear interaction
problem between control mode and mean � ow spreading rate is
then given in Secs. III–V. Numerical applications and results are
discussed in Secs. VI and VII. The paper concludes with remarks
about extensions of the present work in Sec. VIII.

II. Formulation
The general description of the formulation of developing wave-

like eddies in growing compressible shear � ows was given in
Refs. 9 and 10. These authors were concerned with the natural oc-
currence of coherent structures in a supersonic mixing layer and
a supersonic two-dimensional jet. They found that for applications
toward explaining the structure of the near jet noise � eld, coherent
structuresdevelopingin a known mean � ow suf� ces. For simplicity,
they considered a cold mixing layer and jet.

To exploitcoherentstructuresfor controlofmixingandmean � ow
development, it is imperative that the nonlinear coupling between
the control mode(s) and the mean � ow be retained. In addition, in
applicationswe are concernedabout the enhancementof mixing be-
tween a high-speed,hot jet and a slower, cooler external stream.The
development of the description of nonlinear interactions between
forced coherent modes in a turbulent shear � ow has advanced con-
siderablyfor the case of an incompressible� uid.18;21 Because of the
complexity of compressible � ow, even for a perfect gas, not all of
the � uid mechanical nonequilibrium interaction details considered
more thoroughly in an incompressible � uid are found desirable for
carryover to the compressible situation.

We begin with the partial differential equations governing the
� ow of compressible � uids; a perfect gas with constant speci� c
heats is assumed. Flow quantities are then represented in terms of
the mean � ow, coherent modes, and � ne-grained turbulencecontri-
butions.16;22¡26 Through Reynolds (time) averaging and phase av-
eraging, nonlinearlycoupledconservationequations in the physical
domain for the mean � ow, coherent modes, and the � ne-grained
turbulence are obtained.

The effect of � ne-grained turbulence on both the mean � ow and
on the coherent structures are representedby eddy viscosity effects,

similarly to large eddy simulation, e.g., see Ref. 15, and an earlier
formulationof coherentstructuresin turbulentcompressiblemixing
regions and jets.8– 10 The general partial differential equations are
then subjectedto approximationsof the boundary-layertype and the
neglect of molecular transport effects relative to turbulentdiffusion.
Further simpli� cations are introduced to the mean � ow description
by the use of a limited form of the Crocco–Busemann relation be-
tween the total enthalpy and the velocity in the mean � ow shape as-
sumptionprocess.This assumptioncan be relaxedwith no dif� culty
by use of an explicit integralequationfor the enthalpy.Morkovin’s27

hypothesis is invoked,in which turbulencestructureis consideredto
be unaffectedby compressibility and, thus, � ne-grained turbulence
contributionsto the pressure and density � uctuations are neglected.
The coherent mode equations are derived in a single-mode form,
which can be reinterpreted as that for an ensemble of modes for
further extensions of interacting multiple modes if desired.

III. Integral Energy Equations
Cross-streamintegrationis performed to obtain the integralmean

� ow kinetic energy and the coherent mode kinetic equation, res-
pectively,
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The � ne-grained turbulence quantities do not appear explicitly, but
are re� ected in the isotropic,compressibleeddyviscosity". Follow-
ing earlier works, e.g., see Ref. 28, " is related to an incompressible
eddy viscosity Q" in the form N½2" D ½2

r Q", where ½r is a referenceden-
sity. As with Albers and Lees,28 in which the reference density is
chosen to be on the hot side, the reference density ½r is chosen in
the present problem to be that for the hot jet or core � ow density½1.

The physical interpretation of the integral kinetic energy equa-
tions (1) and (2) are straightforward:The left-hand side of Eq. (1) is
the mean � ow advectionof the mean kinetic energy defect; the � rst
and second terms on the right-hand side of Eq. (1) are the energy
transfer mechanisms to the coherent mode and to the � ne-grained
turbulence, respectively. In Eq. (2), the left-hand side is the mean
advection of the coherent mode kinetic energy; the right side con-
sists of the work done by the coherent mode pressure gradients, the
energy transferred from the mean � ow, and energy transfer to the
� ne-grained turbulence, respectively.The eddy viscosity modeling
of the energy transfer effects to the � ne-grained turbulence in Eqs.
(1) and (2) has relegated these effects to be dissipative,as is the case
in large eddy simulation. The direction of energy transfer between
the coherent mode and the mean � ow is left to the local charac-
teristics of the coherent mode. Equations (1) and (2) will lead to
amplitude equations for the coherentmode amplitude and the mean
shear � ow thickness. Subsidiary relations are needed to close the
integral problem. These relations are stated in the following; their
detailed role will become clear after the discussion of the shape
assumptions.

IV. Subsidiary Relations
The mean � ow integral momentum equation is

d
dx

C1

0

N½ Nu. Nu ¡ U1/ dy C d
dx

0

¡1
N½ Nu. Nu ¡ U2/ dy »D 0 .3/



LEE AND LIU 2029

The contributions from the � uctuation part have been neglected,
which has a negligible effect on the momentum � ux. In the present
formulation,Eq. (3) will eventuallyfurnishan algebraicrelationship
between the localshear layerwidth and the meancenterlinevelocity.

The mean total enthalpy is H D cp
NT C Nu2=2. In the present prob-

lem, the initialwallboundarylayersare consideredto be individually
isoenergetic so that the hot jet � ow has total enthalpy H1 D const
and enthalpy of the cooler external stream H2 D const for which
H1 > H2 . In this case, the total enthalpy pro� le in the free shear
layer is expected to behave monotonically and to be of the mixing-
layer type. The local temperature distribution is then obtained from
NT D .H ¡ Nu2=2/cp .

V. Physical Problem and Shape Assumptions
Applicationto theuncon� nedmixing regionbetween two streams

of different velocities and different total enthalpies is obtained
through the shape assumptions that accompany the integralmethod.
In the following, quantities in the hot jet, with subscript 1, are used
to nondimensionalizethebasic equations.The Howarth–Doronitsyn
transformation is applied to the normal coordinate such that d´ D
. N½=½1/ dy=N±, where ´ is the new transformed,Blasius-typeindepen-
dent variable and N± is the transformed local shear-layer thickness.

A. Mean Flow Shape and Parameters
A splitter plate initially separates an upper and a lower stream

with initial velocity and temperature boundary layers. The mean
velocity shape accommodates a wake pro� le imbedded in a mix-
ing region pro� le to account for the nonsimilar development from
upstream wall boundary-layer effects to that of the similar mixing
region pro� le far downstream.29 This is an important feature be-
cause mixing enhancement for short distances is precisely in the
region where upstream wall effects are present. The mean velocity
shape assumption consists of the sum of a mixing-layer part and a
wake contribution;see the schematic in Fig. 1.

The mixing-layer part of the velocity pro� le is denoted by sub-
script m, and the value at the centerline is denoted by subscript
cm:

Num D ucm C .1 ¡ ucm/ sin.¼´=2´1/; 0 < ´ < ´1

(4)
Num D ucm C .¯u ¡ ucm/ sin.¼´=2´2/; ´2 < ´ < 0

where ¯u is the velocity ratio U2=U1 . The scaling constants ´1 D
.1 ¡ ucm/=.1 ¡ ¯u/ and ´2 D .¯u ¡ ucm/=.1 ¡ ¯u/ are obtained by
matching the shear stress at ´ D 0. They satisfy the relation ´1 ¡
´2 D 1.

The wake contribution to the mean velocity pro� le is approxi-
mated by the algebraic function for the wake defect,

Nuw D ucw.´ ¡ ´1/
2.´ ¡ ´2/2.a´ C b/ ´ ucw P .5/

The function P is used to denote the algebraic function in Eq. (5)
for simplicity.The wake defect pro� le already satis� es Nuw D Nu 0

w D 0
at ´1 and ´2 , where the prime denotes differentiation with respect
to ´. The constantsb D 1=´2

1´2
2 and a D 2.´1 C ´2/b=´1´2 are found

from the centerline condition Nuw D ucw and Nu 0
w D 0 at ´ D 0.

The compositewake–mixing-layervelocitypro� le then becomes

Nu.´/ D Num .´/ ¡ Nuw .´/ .6/

Fig. 1 Mean velocity pro� les, schematic.

Following standard nomenclature,28 the centerline velocity of the
composite velocity function is u¤ D ucm ¡ ucw . Far downstream
u¤.1/ should approach that of the fully developed, similarity
mixing-layer value u¤

s D max.ucm/. To this end, and to reduce ar-
bitrariness, we assume that ucw.x/ D r[u¤

s ¡ u¤.x/], where r is a
proportionalityconstant to be determinedafter specifyingthe initial
values u¤.x0/ D u¤

0; ´10 at x D x0. The relationship between u¤.x/
and N±.x/ and the equilibrium value of u¤.1/ is addressed in the
next section.

B. Relationship Between u ¤ (x) and Å±(x)
The mean � ow velocity pro� le (6) contains the two parameters,

u¤.x/ and N±.x/ that are to be jointly solved with the coherent mode
problem. At this stage, it is convenient to introduce the shape as-
sumption (6) into the momentum relation (3) to obtain an algebraic
relationbetween the two parameters.To this end, the dimensionless
form of Eq. (3) becomes

d
dx

N±.I1 ¡ I2/ D 0 .7/
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¡1

0
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where length scales in the mean � ow problem are now normalized
by the initial transformed shear � ow thicknes N±0 . Thus, upon inte-
gration, the normalized shear � ow thickness is

N± D
I1.x0/ ¡ I2.x0/

I1 ¡ I2
.8/

The integrals I1 and I2, which are evaluated analytically but nev-
ertheless too lengthy to be reproduced here, are functions of u¤.
Previous work for the mixing-layer pro� le alone9;28 results in a
much simpler algebraicrelation.Far downstream N± ! 1; ucw ! 0,
ucm ! u¤

s , where u¤
s D 0:587 for ¯u D 0 and u¤

s D 0:765 for ¯u D 0:5.

C. Shape Assumption for Total Enthalpy
The total enthalpy is individually isoenergetic in the hot and in

the cooler streams. Therefore, its shape is assumed to follow that of
mixing-layer part of the mean velocity pro� le Num :

H ¡ H ¤

1 ¡ H ¤
D

Num ¡ ucm

1 ¡ ucm
; 0 < ´ < ´1

(9)
H ¡ H ¤

¯H ¡ H ¤
D

Num ¡ ucm

¯u ¡ ucm
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where the total enthalpy ratio is de� ned as ¯H D H2=H1. Matching
the normal derivative of H at the centerline gives H ¤ D 1 ¡ ´1.1 ¡
¯H /. The shape assumption for the total enthalpy is a form of the
Bussemann–Crocco relation in that, arguably, the total enthalpy is
expected to follow the behavior of the mixing part of the velocity
shape assumption expressed in Eq. (4). The dimensionless form
of the temperature is then obtained from the de� nition of the total
enthalpy as

NT D 1 C [.° ¡ 1/=2]M 2
1 H ¡ [.° ¡ 1/=2]M2

1 Nu2 .10/

where M1 is the Mach number of the (hot) core � ow. In Eq. (10), H
is given by Eq. (9), and Nu is the composite velocity pro� le given by
Eq. (6). The wake contribution to the velocity defect would, thus,
contribute to a temperature excess in the initial region. Similarity
pro� les of the mixing-layer type would be achieved far downstream
as the wake defect decays. The total enthalpy assumption here es-
sentially bypasses the necessity of introducing another unknown
parameter for the total enthalpy problem. This assumption can al-
ways be relaxed through the introduction of an additional integral
thermal energy equation to jointly determine a new thermodynamic
parameter.30
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D. Control Wave Mode Shape and Parameters
The coherent mode component is expanded in terms of a non-

linear amplitude, which is to be solved jointly with the mean � ow
problem, and a cross-stream shape function, which to be given by
eigenfunctionsolutionsof a local linear theoryat theprevailinglocal
mean � ow pro� les,9;10 ;30
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where cc is the complex conjugate. The eigenfunctions F; ®Á,
¼; R; and µ are the shape functionsof the corresponding� ow quan-
tities on the left-hand side of Eq. (11). They are to be obtained from
a local spatial linear theory. As such, the local linear theory dimen-
sionless streamwise length scale and complex wave number ® are
normalized by the local mean � ow length scale N±; the local dimen-
sionless time t and real frequency ! are normalized by N±=U1 .

It was argued that, for dynamic instability problems in free shear
� ows, an inviscid local linear theory for the shape functions would
be suf� cient.9 In this case, following Lees and Lin,31 the single
equation in terms of the pressure shape function is

¼ 00 ¡ 2 Nu0¼ 0

. Nu ¡ c/
¡ ®2 NT NT ¡ M2

1 . Nu ¡ c/2 ¼ D 0 .12/

with boundary conditions

¼ 00 ¡ ®2 1 ¡ M2
1 .1 ¡ c/2 ¼ D 0; ´ ! C1

(13)
¼ 00 ¡ ®2¯T ¯T ¡ M 2

1 .¯u ¡ c/2 ¼; ´ ! ¡1

where NT is now the mean temperature normalized by T1 and
¯T D T2=T1 . It is helpful in the classi� cation of � ow situations to
consider the kinematicsof the boundaryconditions.Following Lees
and Lin31 (see also Ref. 32), de� ne

Ä2
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(14)
Ä2

¡ D ®2¯T ¯T ¡ M2
1 .¯u ¡ c/2

so that the relevant phase velocity boundaries are obtained from

Ä2
C D 0 when cC D 1 ¡ M¡1

1

Ä2
¡ D 0 when c¡ D ¯u C ¯

1
2

T M¡1
1

The classi� cation31 is as follows: Subsonic mode, cC < cr < c¡;
slow supersonic mode, cr < cC; and fast supersonic mode, cr > c¡,
where cr is the real part of the phase velocity. The slow super-
sonic mode refers to phase velocity being supersonic with respect
to the fast stream, whereas the fast supersonic mode refers to the
mode being supersonic with respect to the lower speed stream. For
an illustration of the kinematic boundaries of the phase velocity
in the present problem, see Fig. 2 of Lee and Liu33 for the case of
¯u D ¯T D 0:5. In the vicinityof M1 » 2, there appears to be the pos-
sibility of all three type of modes present.The actual characteristics
of thesemodes must necessarilyfollowfrom the local eigenfunction
solutions.Not shown in Fig. 2 ofRef. 33 is thewave mode with wave
speed cC D 1 C M¡1

1 , for which cC ¸ 1 for � nite M1 and cC ! 1 as
M1 ! 1. Here we focus attention only on subsonic modes as they
are physically expected to be more effective in producing changes
in the mean � ow in comparison with supersonic modes, the latter
being too fast to be in local residence to affect such changes.

We note that, in the local linear theory, lengths are appropriately
normalized by local length scales of the mean � ow problem. Thus,
following standard procedures in the shape assumption for the co-
herentmode, the local relationdA=d.x=N±/ D i®A wouldalsobeused
to evaluate x derivatives of the coherent mode quantities inside the
integrals.

E. Physical Quantities to be Solved
The integral kinetic energy equations (1) and (2), upon insertion

of the shape functions (6) and (11) and the subsidiary relations (8)
and (10), will yield two � rst-order nonlinear ordinary differential
equations for two unknowns: the shear layer thickness ratio N±=N±0

and the coherent mode energy density ratio jAj2=jAj2
0, where jAj2

0
is the initial energy density. The two nonlinear ordinary differential
equations so obtained are

d
dx

.IM
N±/ D IrsjAj2 C 1

RT
I8 (15)

d

dx
IkejAj2 D

³
Irs ¡ I p ¡ 1

RT
IÁ

´
jAj2 (16)

with N±.x0/ D N±0 and jA.x0/j2 D jAj2
0 as the upstream initial con-

ditions. The initial frequency parameter for the control coherent
mode !0 has to be speci� ed. It is important to note that, according
to Eq. (15), the shear layer will grow as long as mean � ow energy
is � owing to the � uctuations, much in the same way as a lami-
nar shear layer grows through viscous dissipationof kinetic energy.
This observation,as in the case for incompressible� ows,18 bypasses
the need for empirical models used in interpretation of shear-layer
growth so prevalent in the literature.

The integrals in Eqs. (15) and (16) follow directly from Eqs. (1)
and (2), respectively. The mean � ow kinetic energy-defect advec-
tion and turbulent dissipation integrals in Eq. (15), IM and I8 , re-
spectively, are independentof frequency.The frequency-dependent
integrals, which involve coherent structure quantities, are the co-
herent mode kinetic energy advection integral Ike, the Reynolds
stress-energyconversion integral Irs, the pressure work integral I p ,
and the turbulent dissipation integral IÁ . The integrals are de� ned
in the Appendix.

The local turbulent Reynolds number, written in terms of dimen-
sionless parameters and incorporating the compressibility transfor-
mation N½2" D ½2

r Q", becomes RT D N±=½2
r Kµ

Nµ , where Q" D Kµ
Nµ is a

dimensionless incompressible eddy viscosity, Kµ ¼ 0:06, and Nµ is
the dimensionless, transformed momentum thickness:

Nµ D
C1

0

Nu.1 ¡ Nu/ d´ C
0

¡1
Nu.¯u ¡ Nu/ d´ D I1 ¡ I2

The dimensionless reference density, as already discussed, is refer-
enced to the hot core � ow, and thus, its value is unity.

VI. Numerical Applications
The integration of Eqs. (15) and (16) is subjected to upstream

initial conditions and, thus, forms the basis for a simple open-loop
controlof the mixing layer.One speci� es thecoherentmodespectral
content (frequencies and wave numbers), initial amplitudes, core
� ow Mach number, velocity, and temperature ratios.

Numerical applications were performed for a core Mach num-
ber M1 D 2 and ° D 1:40 and various values of ¯u D U2=U1; ¯T D
T2=T1 (and, hence, ¯H D H2=H1 ), and ´10 , ¡´20 to study the effect
of velocity and temperature ratios and relative initial shear-layer
thicknesses. These values are summarized in Table 1. The ¯H ratio
follows from the de� nition of the total enthalpy,

¯H D ¯T C [.° ¡ 1/=2]M2
1 ¯2

u 1 C [.° ¡ 1/=2]M 2
1

¡1

The convectionMach number34 is de� ned as Mc D M1.1 ¡ ¯u/.1 Cp
¯T /¡1 in terms of the presentdimensionlessmean � ow parameters

and is included in Table 1 for reference as a mean � ow parameter.
The initial values of the scaling parameters ´10, ¡´20 in the mean
� owshapeassumptions(4–6), which followfrom the speci� ed mean

Table 1 M1 = 2; ° = 1:4

Case ¯u ¯T ¯H ´10 ¡´20 Mc c¡ cC

1 0.5 0.25 0.25 0.5 0.5 0.59 0.75 0.5
2 0.5 0.25 0.25 0.41 0.59 0.59 0.75 0.5
3 0.5 0.5 0.39 0.5 0.5 0.67 0.85 0.5
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� ow parameters, are indicativeof the relative thicknessesof the ini-
tial core � ow and of the cooler external stream in the Howarth
transformed ´ plane. It is clear that, in the present context, the con-
vection Mach number itself is insuf� cient to determine the control
characteristicsof coherent modes without a thorough discussionof
the spectral and amplitude properties.

The control modes chosen here are two-dimensional modes (or
axisymmetric modes for initial thin boundary layers compared to
the round jet radius) for which the vorticity axis correspondsto that
of the mean � ow (in the spanwise or circumferentialdirection). The
control parameters studied include variationsof the initial coherent
mode amplitudeand initial dimensionlessfrequency.To gain insight
about the control mode used, Table 1 also shows the fast and slow
mode boundaries in terms of the kinematics of the outer boundary
conditions for the coherent mode shape assumptions (12–14), an
example of which was shown in Fig. 2 of Ref. 33.

VII. Results
The numerical integrationwas startedaway from the trailingedge

at x0 for which u¤ D 0:30 so that the dimensionlessstreamwise vari-
able is now written as » D x ¡ x0 , keeping in mind that the normal-
izing constant is still N±0.

The initial wake region, which is commonly ignored in mixing
region studies, has a streamwise lifetime of about » ¼ 10 ! 20 and,
thus, intrudeswell into the streamwise regionof shortmixer-ejectors
by a factor of one to three ejector lengths. Thus, in the following,
efforts will be directed at studying those coherent modes that could
be effective within this short length scale. Detailed results are pre-
sented for case 1 in Sec. VII.A; variationsfrom this case to illustrate
the effects of changing initial shear layer thickness are presented in
Sec. VII.B and that of a warmer external stream in Sec. VII.C.

A. Case 1
1. Shear-Layer Growth Enhancement

The mean shear � ow thickness and the coherent mode ampli-
tude for an initial energy density level of 1% are shown in Fig. 2
in the initial mixing region, where the wake component plays a
signi� cant role. The initial dimensionless frequency of the control
modes !0 is used as the parameter. At the top of Fig. 2, the solid
line indicates the growth of the turbulent shear � ow thickness in
absence of explicit coherent mode excitation.The amplitude of the
!0 D 0:4 mode appears to survive best in the highly damped ini-
tial region due to turbulent dissipation. At the end of about » ¼ 20,
both the !0 D 0:4 and 0.3 modes were able to achieve shear-layer
growth of about 20% over that of the undisturbedcase, whereas the

Fig. 2 Case 1, j Aj 2
0 = 0:01: top, mixing-layer thickness ratio, and bot-

tom, amplitude development.

Fig.3 Case 1,!0 = 0:4: top, shear-layergrowth,and bottom,amplitude
distribution.

!0 D 0:2 and 0.5 modes, whose amplitudes decay faster, achieved
only about a corresponding10% increase. Thus, there is an optimal
mode !0 D 0:3–0.4 in the initial region.

The continued solution beyond » ¼ 20 is shown in Fig. 3 for the
!0 D 0:4 case at the three different initial amplitudes indicated; the
undisturbed case is shown by the solid line. The shear-layer thick-
ness shows a more spectacularearly growth for the larger amplitude
case, whereas the weak amplitude cases are not ef� cient enough
and their effect is much delayed to the region farther downstream.
The amplitude development, which is referenced to the initial am-
plitude,shows that the weaker initial modes amplify relativelymore
than the stronger initial modes. This is because the initially stronger
modes choke off their own energy supply sooner due to the has-
tened spreading of the mean � ow. Examination of the mean pro-
� les (Sec. VII.A.5) indicates that mean � ow similarity is slowly
attained beyond N±=N± ¼ 20 as u¤ ¼ 0:75. Thus, Fig. 3 indicates that
the higher amplitude excitation would reach mean � ow similarity
sooner.

2. Control Mode Characteristics: Subsonic vs Supersonic Mode
The use of local linear theory for the shape functions of the con-

trol modes necessitates its interpretation in terms of a � xed initial
frequency and the normalization by appropriate local scales of the
growingmean � ow. When startingfroma � xed!0, increasing! thus
implies increasinglinearly in the transformedshear layer thickness.

We start with the characteristics of the linear theory, in terms
of the spatial ampli� cation rate ¡®i and the phase velocity cr , in
Figs. 4 and 5 for the subsonic mode (cC < cr < c¡) and supersonic
slow mode (cr < cC), respectively. The parameter u¤ D const im-
plies a � xed location in x . Particularly in the region ! D 0:3–0.4,
the subsonic modes were able to sustain an ¡®i

»D 0:1 as u¤ pro-
gresses downstream, whereas for the supersonic slow modes, ¡®i

decreases signi� cantly. For the subsonic modes, the initial region
supports lower ampli� cation rates, and as the similarity region is
approached, the maximum ¡®i increases. Thus, subsonic modes
are more ef� cient in sustaining their own growth and are the only
modes that are effective as control modes. In the initial region, the
subsonic modes accelerate with increasing ! and decelerate with
increasing! as the similarity region is reached, as shown in the bot-
tom panel of Fig. 4. These characteristics are interpreted in terms
of a growing shear layer for an initial � xed-frequencyparameter in
the following.

In the local linear theory, ¡®i is made dimensionlessby the local
shear-layerthickness.The interpretationof the linear theoryin terms
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Fig. 4 Linear theory characteristics; subsonic mode, case 1: top, am-
pli� cation rate, and bottom, phase velocity.

Fig. 5 Linear theory characteristics; slow supersonic mode, case 1:
top, ampli� cation rate, and bottom, phase velocity.

of developing� ows is shown in Fig. 6 for the subsonicmode, where
the ampli� cation rate and phase velocity are plotted as function of
the shear-layerthickness (which is like x ), with the initial frequency
as a parameter. The linear ampli� cation rate does not play an ex-
plicit role in the nonlinear, integral theory; nevertheless, it gives an
indication of the control modes to chose. Using the top panel of
Fig. 6, one then choses an initially most ampli� ed mode, which de-
cays the least as the � ow develops. This appears to be satis� ed by
the !0 D 0:3–0.4 modes. The bottom panel of Fig. 6 indicates how
the phase velocity would develop downstream for different initial
frequencies; the !0 D 0:3–0.4 modes eventually slow with increas-

Fig. 6 Interpretation of linear theory characteristics for growing shear
layer; case 1: top, ampli� cation rate, and bottom, phase velocity.

Fig. 7 Interaction integrals; case 1, !0 = 0:4.

ing downstreamdistance.The valuesof the phasevelocitiesnear the
similarity region here appear to be in the vicinity of those obtained
by Sandham and Reynolds35 in the linear theory for a computed
mixing-layer pro� le. Although the disturbance effect on growth of
the mixing-layer thickness is a mean � ow problem associated with
the wave envelop A, as shown in Eq. (15), one can perhaps ex-
plain physically throughwave kinematics that the slower, ampli� ed
waves are more ef� cient extractors of energy from the mean � ow
(certainly this is true compared to supersonic waves) due to their
longer residence time for interaction.

3. Energy Balancing Mechanisms
The growth or decay of the shear-layer thickness and the control

mode amplitude squared (or energy density) is clearly indicated by
Eqs. (15) and (16), in which the interaction integrals play a signi� -
cant role.Figure 7 shows the interactionintegralsas a functionof the
shear-layerthicknessfor the subsonicmode. These integralsare tab-
ulated as functions of the shear-layer thickness ratio before solving
the x-evolution problem; those integrals that involve the coherent
mode would be dependent on the initial frequency parameter. The
Reynolds stress energy conversionintegral Irs is in� uenced strongly
by the wake-defect region, as indicated by the small initial peak. As
the � ow evolves toward the similar mixing-region pro� le, a larger,
secondpeak in Irs is traversed.The ampli� cation rates from the local
linear theory, which is no longer effective in the nonlinear integral
energy balance, nevertheless give some indication of the character
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Fig. 8 Negative of Reynolds shear stress and normal heat � ux; case 1.

of the linear shape functions that is evolving with increasing shear-
layer thickness (see Fig. 6). The turbulent dissipation integral for
the coherentmode IÁ=RT overwhelms the initial shear-layer energy
balance mechanisms, and this accounts for the decay of coherent
amplitude in the initial mixing region (see Figs. 2 and 3). Eventu-
ally IÁ=RT decays to as low a level as the work doneby the coherent
mode pressure gradients I p .

4. Control Mode Reynolds Stress and Heat Flux
The Reynolds shear stress and eddy heat � ux for the case 1 sub-

sonic mode are shown in Fig. 8. They both change signs across the
shear layer but not necessarily in unison with the changes in sign of
the respectivevelocity and temperature gradients.However, the net
effectof theworkdone againstthe Reynoldsshearstressby the mean
rate of strain consistently gives a net positive value to the energy
conversion integral Irs (Fig. 7). The conversion mechanism for
T 02 , which was not needed here, was not computed.

5. Mean Velocity and Temperature Pro� les
The velocityand temperaturepro� les in the transformedplaneare

shown in Fig. 9, with u¤ as parameter. A similar pro� le is reached
when u¤ D 0:765 in this case. The evolution of the disturbed mean
velocityand temperaturepro� les in the physicalplane,omittedhere,
is shown in Fig. 11 of Ref. 33. The velocity leaves the upstream
nozzle exit with a wake-type velocity defect as already discussed;
the temperature leaves an upstream insulated wall. The wake ef-
fect appears to have decayed toward the mixing-layer pro� le in the
region » ¼ 10–20. In the physical plane, it is dif� cult to see the
difference from the undisturbedmean � ow pro� les; however, com-
parisons of the shear-layergrowth in Figs. 2 and 3 are much clearer
indications of the differences between disturbed and undisturbed
mean � ows.

The evolution of centerline, starred, values of the velocity, tem-
perature, and total enthalpy, which are not reproduced here, are
shown in Fig. 12 of Ref. 33 as a function of N±=N±0; far down-
stream as N±=N±0 ! 1, the similarity values are reached for which
u¤ D 0:765; T ¤ D 0:673, and H ¤ D 0:6475. However, similarity is
essentially slowly attained beyond N±=N±0 ¼ 20 as u¤ ¼ 0:75. The re-
lation of the physical shear-layer thickness ratio as a function of
the transformed ratio is also shown in Fig. 12 of Ref. 33, ob-

Fig. 9 Case 1: top, mean velocity pro� les, and bottom, mean temper-
ature pro� les as function of the transformed similarity variable.

tained with the use of the local temperature pro� les in inverting
the Howarth transformation; the slope of this line has a value of 3

4 .

B. Case 2: Effect of Initial Shear-Layer Thicknesses
In case 2, the initial conditions are identical to case 1 except that

the core � ow shear initial shear-layer thickness is slightly less than
that of the external � ow (´10 D 0:41 and ¡´20 D 0:59; see Table 1).
The linear theory characteristics are shown in Fig. 13 of Ref. 33,
in contrast to the equal initial shear-layer thickness case shown in
Fig. 4 (´10 D ¡´20 D 0:50). Whereas the mode characteristics for
larger values of u¤ remain almost the same, the initial, smaller u¤

mode characteristics are shifted toward higher ampli� cation rates;
qualitativeand quantitativechanges in the phase velocity,which are
not shown here, are also contrasted in Fig. 13 of Ref. 33 from those
of case 1. Less noticeable changes are associated with the growing
shear � ow interpretation, shown in Fig. 14 of Ref. 33 (compare
with Fig. 6). In case 2, the undisturbed shear-layer thickness is less
than that of case 1, as shown in the top of Fig. 10 in this paper.
The imposed control modes could, in fact, effect a more signi� cant
shear-layer growth; the relative thickness at the end of » ¼ 20 is
about 25% for the !0 D 0:3 mode. The amplitudes, shown in the
bottom panel of Fig. 10, are less damped in the initial region in case
2. In this case, decreasing the core � ow initial shear layer thickness
has a bene� cial role in mixing enhancement.

C. Case 3: Effect of a Warmer External Stream
In case 3 the conditionsare similar to case 1 except that the exter-

nal � ow temperature ratio is raised from ¯T D 0:25 to 0.5 (Table 1).
Again, the subsonic mode is considered. Signi� cant change in the
linear stability characteristics for case 3 is shown in Fig. 16 of
Ref. 33. The smaller, upstream u¤ gave higher ampli� cation rates
than both cases 1 and 2, whereas the phase velocity is qualitatively
similar but quantitatively different. The growing shear � ow inter-
pretation is shown in Fig. 17 of Ref. 33, with the initial frequency
as the parameter. The !0 D 0:6 mode appears to have the highest
initial ampli� cation; the !0 D 0:3 mode, though it has a lower initial
ampli� cation, is sustained farther downstream. The phase velocity
of the !0 D 0:6 mode is accelerating, whereas that of the !0 D 0:3
mode is decelerating. In this case, these two modes could give a
more rapid spread of the shear � ow in the early and later regions,
respectively, as indicated on the top � gure of Fig. 11. The ampli-
tude of the !0 D 0:6 mode is similar to case 2; but the !0 D 0:3 mode
sustains a higher level than case 2 (Fig. 10).
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Fig. 10 Case 2, j A j 20 = 0:01: top, shear-layer growth, and bottom, am-
plitude development.

Fig. 11 Case 3, j A j 20 = 0:01: top, shear-layer growth, and bottom, am-
plitude development.

VIII. Conclusion
Clearly, the present contribution is meant as a � rst step in studies

of usingexcitedcoherentmodes to enhancemixing and spreadingof
compressibleshear� ows.One foreseesthepossibilityof usinginter-
acting oblique waves in generating a mean � ow correction compo-
nent. These obligue waves in turn produce streamwise vorticity for
more signi� cant mixing than could be achievedby two-dimensional
waves alone.36 ;37

Whereas the paper is concernedwith controllingthe initial super-
sonic turbulent mixing region, it is interesting to estimate what ef-
fect the initial region-excitedcoherentmodes may have on possible
shorteningof the potentialcore of an actual jet. For order-magnitude
estimates,we continue to use transformedboundary-layerthickness
N±0 as the characteristiclength. Referring to Fig. 3, the dimensionless
» D x ¡ x0 ¼ x , which is the physical length x normalizedby N±0, can
be recast into (x=D/.D=N±0/; for an undisturbedpotentialcore length

of about x=D ¼ 10 and nozzlediameteror width to initial boundary-
layer thicknessratio of about D=N±0 ¼ 20, then » ¼ 200 (and N±=N±0 ¼ 6
according to Fig. 3 for the mean) would correspond to the length
of the potential core region. The excited coherent mode moves the
locationof N±=N±0 ¼ 6 to 50% of the length of the potential core length
of the undisturbed case (» ¼ 100) for an excitation energy density
level of jAj2

0 D 10¡3 and to 25% (» ¼ 50) for jA2
0j D 10¡2. The ex-

perimental decrease of potential core length via coherent structure
forcing is well known in low-speed turbulent38 and laminar jets.19;20

The two-dimensionaljet problemsupportsbothvaricoseandsinu-
ousmodes; thecontrolproblemcouldbeobtainedin thepresentcon-
text by extendingthe weak wave perturbationsof Merkineand Liu10

in a supersonic jet to � nite amplitude to modify the mean � ow. The
incompressibleroundjet problemhasbeen addressedelsewhere12;13

for a range of Strouhal frequencies.Multiple high-frequencymode
interactions in an incompressible round jet, discussed by Lee and
Liu,39 correspond to similar high-frequency mixing-layer modes
discussed in this paper. The mean jet � ow problems were analyti-
cally representedand parameterizedthrough the unknown jet width
(and centerline velocity) and were solved simultaneously with the
control mode problem. It is conceivable that the mean � ow prob-
lem could be represented by experimental or computational � uid
dynamics data; however, such data would necessarily have to be
similarly parameterized to take advantage of the simplicity of the
energy method for developing shear � ows in solving the control
mode energy with the parametersof the mean � ow to be controlled.

The present work, once physically formulated, could produce
rapid computations in parameter space to assess the regime of rel-
ative importance in mixing enhancement hardware design studies.
As such, it is seen to compliment computational studies,15 ;16 ;40;41

which are computational-timeintensiveand do not necessarilypos-
sess the agility for parameter space studies and optimization. The
present work is also seen to compliment experimental studies of
compressible mixing,42;43 leading to interpretation of frequency
(and wavelength) dependence of observed, convected structures.
The external wave system is highly susceptible to misinterpretation
if the wave system was generated by convecting, amplifying, and
decaying coherent mode structures within the shear � ow. Interpre-
tations of such external wave systems is given in Refs. 8, 9, 44, and
45. Although the applicationhere is directed toward the decreaseof
aerodynamicallyemitting sound sources by the early destructionof
high-velocity and temperature gradients, applications toward mix-
ing problems in combustion46 ;47 essentially share the same basic
framework as the present study and its extensions.

Appendix: De� nition of Interaction Integrals
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where I D 1 (turbulent region) and I D 0 (outside).
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